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Strain Estimation of CFRP-Confined Concrete Columns
Using Energy Approach
Thong M. Pham, S.M.ASCE1; and Muhammad N. S. Hadi, M.ASCE2
Abstract: A new model is presented for calculating the axial strain of carbon fiber-reinforced polymer (CFRP)-confined concrete
columns. An energy-balance approach is introduced to establish a relationship of the energy absorption between a confined con-
crete column and CFRP. The proposed model was verified using a large database collected from 167 CFRP-confined plain concrete
specimens. This database contains 98 circular specimens with diameters ranging between 100 and 152 mm, and 69 square specimens
having a side length ranging between 100 and 152 mm. The database covers unconfined concrete strengths from 20 to 50 MPa. The
proposed model shows very good correlation with the experimental results. In addition, the proposed model also provides a comparative
prediction of the strain of CFRP-confined concrete columns in two extreme cases, i.e., (1) insufficient confinement, and (2) heavy
confinement, which are not usually well predicted by other models. DOI: 10.1061/(ASCE)CC.1943-5614.0000397. © 2013 American
Society of Civil Engineers.
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Introduction
The use of carbon-fiber-reinforced polymers (CFRPs) in struc-
tural engineering has increased in recent years. However, estimat-
ing the capacity of FRP-confined concrete members is not
very well-correlated with their actual behavior; as such, more at-
tention must be paid to models for FRP-confined concrete. A
complete model includes formulas to calculate the ultimate
strength and ultimate strain of confined concrete and stress-
strain relationships. Most of these studies have focused on the
strength and stress-strain relationships of confined concrete.
Not many models deal with strain prediction. Bisby et al.
(2005) carried out an overview, and they conclude that existing
models show a poor correlation with experimental results of con-
fined concrete strain. Bisby et al. (2005) revealed that the mean
absolute error of strain estimations ranges from 35 to 250%,
whereas the error of strength estimation is less than 20%. The
literature of FRP-confined concrete is excellent for calculating
the confined concrete strength but not for calculating the corre-
sponding strain.
Richart et al. (1929) reported that the axial strain at the
compressive strength of confined concrete can be linearly related
to the maximum confining pressure. Early studies, based on this
assumption, that proposed formulas for strain estimation include
Karbhari and Gao (1997), Miyauchi et al. (1999), Toutanji
(1999), and Ilki et al. (2008). Another commonly used approach
is based on volume strain and dilation behavior (Lam and
Teng 2003a, b) or regression analysis of experiments (Shehata
et al. 2002). All of the previously noted studies used the mecha-
nism behavior of confined concrete to obtain strain estimations.
In addition, Mander et al. (1988) proposed an energy-balanced
method to calculate the strain of steel confined concrete. This
method assumes that the additional strain energy of a confined
concrete column is equal to the energy used to fracture the
hoops. A study by Saadatmanesh et al. (1994) adopted this
method to calculate the strain of FRP-confined concrete. The
writers’ paper develops relationships between the additional en-
ergy absorption of a confined concrete column and the energy
absorbed by the confinement material. A new methodology is
introduced to calculate the confined concrete strain in circular
and square sections.
Analytical Investigation
Strain Energy and Energy Absorption
Strain energy is the energy stored in a structural elastic member as a
result of the work performed on the member by an external load. It
is defined as the energy absorbed by the structural member during
the loading process. For an axially loaded column, the work done
by the applied load is equal to the area under the load-displacement
curve [Fig. 1(a) and Eq. (1)]. In a similar manner, the energy ab-
sorbed by the external FRP in an FRP-confined concrete column
can be estimated





where U = strain energy; W = work done by the applied load;
P = applied load; l = displacement; and dl is an increment of the
displacement.
The energy stored in the column core is transferred to compress
concrete, deform the FRP, create cracks in concrete, and vertically
compress the FRP. Some energy is also lost in unknown consump-
tions. Because of the limited understanding of the behavior inside
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FRP-confined concrete, it would be inappropriate to directly use
the balanced-energy approach proposed by Mander et al. (1988)
for steel confined concrete. In this paper, it is assumed that there
is a possible linear relationship between the energy absorption of
the column and the external FRP, which is discussed in a sub-
sequent section.
To further investigate the energy transfer, early studies fo-
cused on FRP tubes made from high-strength and high-stiffness
fibers. Unlike ductile metals, fibers and resins are brittle and
they fail by fracture after an initial elastic deformation. The
fracture strain of a typical carbon fiber is around 1.5–2.0% such
that they may absorb less energy than conventional metals.
However, they actually perform much better when a comparison
is made in terms of the specific energy absorption, which is the
energy per unit mass (Lu and Yu 2003). The specific energy
absorption of fiber is affected by fiber strength, elastic properties,
the diameter-to-thickness ratio of FRP, fiber orientation, and
sectional geometries (Wolff et al. 1994). These studies con-
firm that directly using the balanced-energy method (proposed
for steel confined concrete) for FRP-confined concrete is
inappropriate.
Energy in Structural Members
The widely accepted model [Fig. 1(b)] is recommended by
ACI 440-2R.08 (ACI 2008) for the stress-strain relationship of
FRP-confined concrete columns. It was adopted in the writers’







where Wcc = strain energy of confined concrete; Acc = gross-
sectional area of confined concrete; fc = stress of confined
concrete; εc = strain of confined concrete; εcc = strain at peak
stress of confined concrete; and dεc is an increment of the axial
strain.
The stress-strain curve [Fig. 1(b)] has been slightly modified to
obtain a simple integration. An expression [Eq. (3)] was extracted
from Eq. (2) to calculate the energy absorption of the concrete core,
in which the volumetric strain energy equals the area under the
experimental stress-strain curves. When the strain of confined con-
crete is less than the peak strain of the corresponding unconfined
concrete, the effect of FRP is negligible. Thus, the writers assumed
that the additional energy in the column core equals the area under
the experimental stress-strain curves starting from the value of the






ðεcc − εcoÞðf 0co þ f 0ccÞ
2
ð3Þ
where Ucc = volumetric strain energy of confined concrete; f 0cc =
confined concrete strength; f 0co = unconfined concrete strength; and
εco = its corresponding strain.
Similarly, the energy absorbed by FRP can be calculated
Wf ¼ ρfAccð0.5ffεfÞ ð4Þ
whereWf = strain energy of FRP; ff and εf = rupture strength and
rupture strain, respectively, of FRP obtained from flat-coupon tests;
and ρf = volumetric ratio of FRP as shown in Eqs. (5) and (6).







and for square sections
ρf ¼
t½4b − rð8 − 2πÞ
b2 − r2ð4 − πÞ ¼ Ψt ð6Þ
where t = thickness of FRP; d = diameter of the section; and r =
radius of the round corner of the section.
The rupture strain of FRP on the confined concrete is much less
than that obtained from flat-coupon tests (Xiao and Wu 2000;
Pessiki et al. 2001; Carey and Harries 2005). Therefore, the
volumetric strain energy of FRP on a column can be estimated
as follows:
Uf ¼ ρfð0.5ffeεfeÞ ð7Þ
where Uf = volumetric strain energy of FRP; and ffe and εfe =
actual rupture strength and rupture strain, respectively, of FRP
on the columns.
The energy absorbed by the column was calculated using Eq. (3)
and the energy absorbed by FRP was estimated using Eq. (7). Next,
a regression analysis based on a database was used to obtain a linear
relationship between them. Based on that linear relationship, a




Several experimental tests have been conducted on FRP-confined
concrete by researchers over the past few decades. The writers col-
lated a test database of 329 FRP confined plain concrete specimens
reported by Demers and Neale (1994), Watanabe et al. (1997),
Matthys et al. (1999), Rochette and Labossière (2000), Xiao and
Wu (2000), Suter and Pinzelli (2001), Parvin and Wang (2001),
Pessiki et al. (2001), Shehata et al. (2002), De Lorenzis et al.
(2002), Karabinis and Rousakis (2002), Lam and Teng (2003b),
Chaallal et al. (2003), Ilki and Kumbasar (2003), Masia et al.
(2004), Berthet et al. (2005), Lam et al. (2006), Saenz and
Pantelides (2006), Jiang and Teng (2007), Valdmanis et al. (2007),
Al-Salloum (2007), Rousakis et al. (2007), Wang and Wu (2008),
Tao et al. (2008), Wu and Wei (2010), Rousakis and Karabinis
(2012), and Hadi et al. (2013). The primary focus of this paper
is on CFRP; as such, test results of materials other than CFRP were
excluded from this database. Moreover, test results of circular
sections not reporting the actual rupture strain (εfe) of FRP were
excluded.
A few studies concluded that square columns confined with
FRP provide a little (Mirmiran et al. 1998) or no (Wu and Zhou
2010) strength improvement. Thus, this paper deals only with
round-corner square specimens; as such, specimens with sharp
corners were excluded from the database. Because the procedure
of calculating the strain of FRP-confined concrete is based on
the ascending type of specimen (Fig. 1), the test results of square
specimens that have a descending type were excluded from the
database. After excluding all of the previously noted test results,
the database contained the test results of 167 FRP confined plain
concrete specimens, as follows: (1) 98 circular specimens, and
(2) 69 square specimens. The circular specimens included in the
database have diameters d ranging from 100 to 152 mm and have
unconfined concrete strengths f 0cc between 30 and 50 MPa. The
square specimens have a side length ranging between 100 and
152 mm, and unconfined concrete strength ranging between 20
and 50 MPa.
The confinement ratio was calculated by dividing the confining
pressure (fl) by the unconfined concrete strength (f 0cc), which var-
ied between 2 and 99% for circular specimens, and between 1 and
60% for square specimens. Tables 1 and 2 show the databases for
circular and square specimens, respectively.
Assumptions
The actual rupture strain of CFRP is usually reported for circular
sections but not for square sections. When the actual rupture strain
of CFRP was not included in the test results, it was assumed to be
0.55 of the rupture strain from flat-coupon tests, as recommended
by ACI 440.2R-08 (ACI 2008). In addition, when the axial strain at
the peak stress of unconfined concrete (εco) was not specified, εco
was assumed to be equal to 0.002 or values estimated by using the
equation of Tasdemir et al. (1998). The performance of the pro-
posed model was compared by using two different methods for es-
timating the values of εco. In the first method, εco was calculated
using the equation proposed by Tasdemir et al. (1998). In the sec-
ond method, εco was assumed to be 0.002. Results of using the first
method proved to be better than the second method. Therefore, the
equation proposed by Tasdemir et al. (1998) was used
εco ¼ ð−0.067f 02co þ 29.9f 0co þ 1,053Þ10−6 ð8Þ
Proposed Strain Model
A linear relationship was assumed between the energy absorbed by
a column core and CFRP for both circular sections and square sec-
tions. The energy absorption was calculated using Eqs. (3) and (7),
whereas a regression analysis was carried out to obtain an equation
for the energy absorbed in the form shown in Eq. (9). Based on this
regression analysis, a new formula is proposed to calculate the
strain at the peak stress of CFRP-confined concrete
Ucc − kUf ð9Þ
where k is the proportion factor, which is a function of fiber stiff-
ness and sectional geometries.
Strain Estimation for Circular Sections
The energy absorption of 98 circular specimens was estimated
using Eqs. (3) and (7), and Fig. 2 presents the results. Next, a
regression analysis was undertaken to attain
Ucc ¼ 7.6Uf ð10Þ
Substituting Eqs. (3) and (7) into Eq. (10) results in Eq. (11)
εcc ¼ εco þ
4ktffeεfe
dðf 0co þ f 0ccÞ
ð11Þ
where the proportion factor k ¼ 7.6. Eq. (11) can be used to cal-
culate the strain of CFRP-confined concrete columns in circular
sections. Using this calculated strain, any model can be utilized
to calculate the confined concrete strength. The Lam and Teng
model (2003a) was adopted to express another form of Eq. (11)
εcc ¼ εco þ
2ktffeεfe
df 0co þ 3.3ffet
ð12Þ
Strain Estimation for Square Sections
For circular sections, the methodology proposed in this paper was
used to establish a relationship between the energy absorption of
the entire column section and FRP. The energy absorption of the
FRP was calculated with respect to the perimeter of the section.
This calculation did not provide a comparable correlation between
the two energies in Eq. (9). Thus, the energy absorption of the col-
umn core at the effective area [Fig. 3(a)] was considered for the
square specimens, which accounts for stress concentration at the
corners. Details of the previously noted modifications are analyzed
in the subsequent sections.
The energy absorption is sensitive to the geometry of the column
(Wolff et al. 1994). Thus, equations simulating the relationship be-
tween the absorption energies of a column and CFRP distinguish
square from circular specimens. In addition, the confining pressure
of a square column confined with CFRP is not uniform. Karabinis
et al. (2008) and Csuka and Kollár (2012) proved that the con-
fining pressure primarily concentrates on round corners of the col-
umn, whereas this confining pressure is negligible at other zones
[Fig. 3(b)]. Therefore, the energy absorption used to rupture CFRP
is assumed to be only available at the round corners. In such a case,
a corner energy ratio kc, which is the ratio of the total length of four
round corners [Fig. 3(c)] to the circumference of the section, is in-
troduced to account for the reduction of energy absorbed by CFRP
kc ¼
πr
2b − rð4 − πÞ ð13Þ
where b = side length of a square section; and r = round radius at
the corners of the section.
(a) (b)
Fig. 1. (a) Load-displacement diagram; (b) typical stress-strain curve of FRP-confined concrete
Table 1. Database of Circular Specimens





















1 Watanable et al. (1997) 100 200 30.2 0.23 0.17 2,716 225 1.51 0.94 46.6
2 Ibid 100 200 30.2 0.23 0.50 2,873 225 3.11 0.82 87.2
3 Ibid 100 200 30.2 0.23 0.14 1,579 629 0.57 0.23 41.7
4 Ibid 100 200 30.2 0.23 0.28 1,824 630 0.88 0.22 56.0
5 Ibid 100 200 30.2 0.23 0.42 1,285 577 1.30 0.22 63.3
6 Matthys et al. (1999) 150 300 34.9 0.21 0.12 2,600 200 0.85 1.15 44.3
7 Ibid 150 300 34.9 0.21 0.12 2,600 200 0.72 1.08 42.2
8 Ibid 150 300 34.9 0.21 0.24 1,100 420 0.40 0.19 41.3
9 Ibid 150 300 34.9 0.21 0.24 1,100 420 0.36 0.18 40.7
10 Rochette and Labossière (2000) 100 200 42 — 0.60 1,265 83 1.65 0.89 73.5
11 Ibid 100 200 42 — 0.60 1,265 83 1.57 0.95 73.5
12 Ibid 100 200 42 — 0.60 1,265 83 1.35 0.80 67.6
13 Xiao and Wu (2000) 152 305 33.7 — 0.38 1,577 105 1.20 0.84 47.9
14 Ibid 152 305 33.7 — 0.38 1,577 105 1.40 1.15 49.7
15 Ibid 152 305 33.7 — 0.38 1,577 105 1.24 0.87 49.4
16 Ibid 152 305 33.7 — 0.76 1,577 105 1.65 0.91 64.6
17 Ibid 152 305 33.7 — 0.76 1,577 105 2.25 1.00 75.2
18 Ibid 152 305 33.7 — 0.76 1,577 105 2.16 1.00 71.8
19 Ibid 152 305 33.7 — 1.14 1,577 105 2.45 0.82 82.9
20 Ibid 152 305 33.7 — 1.14 1,577 105 3.03 0.90 95.4
21 Ibid 152 305 43.8 — 0.38 1,577 105 0.98 0.81 54.8
22 Ibid 152 305 43.8 — 0.38 1,577 105 0.47 0.76 52.1
23 Ibid 152 305 43.8 — 0.38 1,577 105 0.37 0.28 48.7
24 Ibid 152 305 43.8 — 0.76 1,577 105 1.57 0.92 84.0
25 Ibid 152 305 43.8 — 0.76 1,577 105 1.37 1.00 79.2
26 Ibid 152 305 43.8 — 0.76 1,577 105 1.66 1.01 85.0
27 Ibid 152 305 43.8 — 1.14 1,577 105 1.74 0.79 96.5
28 Ibid 152 305 43.8 — 1.14 1,577 105 1.68 0.71 92.6
29 Ibid 152 305 43.8 — 1.14 1,577 105 1.75 0.84 94.0
30 Ibid 152 305 55.2 — 0.38 1,577 105 0.69 0.70 57.9
31 Ibid 152 305 55.2 — 0.38 1,577 105 0.48 0.62 62.9
32 Ibid 152 305 55.2 — 0.38 1,577 105 0.49 0.19 58.1
33 Ibid 152 305 55.2 — 0.76 1,577 105 1.21 0.74 74.6
34 Ibid 152 305 55.2 — 0.76 1,577 105 0.81 0.83 77.6
35 Ibid 152 305 55.2 — 1.14 1,577 105 1.43 0.76 106.5
36 Ibid 152 305 55.2 — 1.14 1,577 105 1.45 0.85 108.0
37 Ibid 152 305 55.2 — 1.14 1,577 105 1.18 0.70 103.3
38 De Lorenzis et al. (2002) 120 240 43 — 0.30 1,028 91 1.16 0.70 58.5
39 Ibid 120 240 43 — 0.30 1,028 91 0.95 0.80 65.6
40 Ibid 150 300 38 — 0.45 1,028 91 0.95 0.80 62.0
41 Ibid 150 300 38 — 0.45 1,028 91 1.35 0.80 67.3
42 Jiang and Teng (2007) 152 305 38 0.22 0.68 3,772 241 2.55 0.98 110.1
43 Ibid 152 305 38 0.22 0.68 3,772 241 2.61 0.97 107.4
44 Ibid 152 305 38 0.22 1.02 3,772 241 2.79 0.89 129.0
45 Ibid 152 305 38 0.22 1.02 3,772 241 3.08 0.93 135.7
46 Ibid 152 305 38 0.22 1.36 3,772 241 3.70 0.87 161.3
47 Ibid 152 305 38 0.22 1.36 3,772 241 3.54 0.88 158.5
48 Ibid 152 305 37.7 0.28 0.11 4,332 260 0.90 0.94 48.5
49 Ibid 152 305 37.7 0.28 0.11 4,332 260 0.91 1.09 50.3
50 Ibid 152 305 42.2 0.26 0.11 4,332 260 0.69 0.73 48.1
51 Ibid 152 305 42.2 0.26 0.11 4,332 260 0.89 0.97 51.1
52 Ibid 152 305 42.2 0.26 0.22 4,332 260 1.30 1.18 65.7
53 Ibid 152 305 42.2 0.26 0.22 4,332 260 1.03 0.94 62.9
54 Ibid 152 305 47.6 0.28 0.33 4,332 251 1.30 0.90 82.7
55 Ibid 152 305 47.6 0.28 0.33 4,332 251 1.94 1.13 85.5
56 Ibid 152 305 47.6 0.28 0.33 4,332 251 1.82 1.06 85.5
57 Lam et al. (2006) 152 304 41.1 0.26 0.17 3,795 251 0.90 0.81 52.6
58 Ibid 152.5 305 41.1 0.26 0.17 3,795 251 1.21 1.08 57.0
59 Ibid 152.5 305 41.1 0.26 0.17 3,795 251 1.11 1.07 55.4
60 Ibid 152.5 305 38.9 0.25 0.33 3,795 251 1.91 1.06 76.8
61 Ibid 152.5 305 38.9 0.25 0.33 3,795 251 2.08 1.13 79.1
62 Saenz and Pantelides (2006) 152 304 41.8 — 0.60 1,220 87 1.18 0.92 83.7
63 Ibid 152 304 47.5 — 0.60 1,220 87 0.88 0.93 81.5
64 Ibid 152 304 40.3 — 1.20 1,220 87 2.04 0.92 108.1
65 Ibid 152 304 41.7 — 1.20 1,220 87 1.76 1.08 109.5
66 Valdmanis et al. (2007) 150 300 40 0.17 0.17 1,906 201 0.63 0.89 66.0
For square sections, the energy absorbed by CFRP (Fig. 4) was






Early studies on steel confined concrete have reported the well-
known assumption that the concrete in a square section is confined
by the transverse reinforcement through arching actions (Mander
et al. 1988; Cusson and Paultre 1995). Consequently, only the
concrete contained by four second-degree parabolas [Fig. 3(a)]
is well-confined, whereas the confinement effect at other zones
is negligible. As further evidence, a few experimental (Mirmiran
et al. 1998; Rochette and Labossiére 2000) and analytical
(Karabinis et al. 2008) studies also confirmed that only part of
the section is fully confined in terms of FRP-confined concrete
columns. The writers assumed that the energy absorption of the ef-
fective area is proportional to the total energy absorbed of the entire
section [Eq. (3)]. In this paper, the energy absorption of square
specimens is assumed as the energy absorbed by the effective area
only. This energy can be calculated by combining Eq. (3) and the
shape factor ks, as introduced by ACI 440.2R-08 (ACI 2008)
Ucc ¼ ks
ðεcc − εcoÞðf 0cc þ f 0coÞ
2
ð15Þ
ks ¼ 1 − 2ðb − 2rÞ
2
3½b2 − r2ð4 − πÞ ð16Þ
The same methodology used in establishing the expression
for circular sections was utilized for square columns. Fig. 4
and Eq. (17) show the relationship of the energy absorption in
this case
Ucc ¼ 8.3Uf ð17Þ
Substituting Eqs. (14) and (15) into Eq. (17) results in Eq. (18)






ksðf 0cc þ f 0coÞ
ð18Þ
where the proportion factor k ¼ 8.3. Eq. (18) can be used to cal-
culate the strain of CFRP-confined concrete columns in square sec-
tions. The Lam and Teng (2003b) model was adopted to express
another form of Eq. (18)






ksð2f 0co þ 3.3ksflÞ
ð19Þ
where fl = equivalent confining pressure of a square section, which






























67 Ibid 150 300 40 0.17 0.34 2,389 231 1.07 0.84 87.2
68 Ibid 150 300 40 0.17 0.51 2,661 236 1.36 0.69 96.0
69 Ibid 150 300 44.3 0.17 0.17 1,906 201 0.58 0.74 73.3
70 Ibid 150 300 44.3 0.17 0.34 2,389 231 0.54 0.43 82.6
71 Ibid 150 300 44.3 0.17 0.51 2,661 236 0.94 0.78 115.1
72 Berthet et al. (2005) 160 320 25 0.23 0.17 3,200 230 1.63 0.96 42.8
73 Ibid 160 320 25 0.23 0.17 3,200 230 0.93 0.96 37.8
74 Ibid 160 320 25 0.23 0.17 3,200 230 1.67 0.96 45.8
75 Ibid 160 320 25 0.23 0.33 3,200 230 1.73 0.90 56.7
76 Ibid 160 320 25 0.23 0.33 3,200 230 1.58 0.91 55.2
77 Ibid 160 320 25 0.23 0.33 3,200 230 1.68 0.91 56.1
78 Ibid 160 320 40.1 0.2 0.11 3,200 230 0.55 1.02 49.8
79 Ibid 160 320 40.1 0.2 0.11 3,200 230 0.66 0.95 50.8
80 Ibid 160 320 40.1 0.2 0.11 3,200 230 0.61 1.20 48.8
81 Ibid 160 320 40.1 0.2 0.17 3,200 230 0.66 0.88 53.7
82 Ibid 160 320 40.1 0.2 0.17 3,200 230 0.62 0.85 54.7
83 Ibid 160 320 40.1 0.2 0.17 3,200 230 0.64 1.04 51.8
84 Ibid 160 320 40.1 0.2 0.22 3,200 230 0.60 0.79 59.7
85 Ibid 160 320 40.1 0.2 0.22 3,200 230 0.69 0.83 60.7
86 Ibid 160 320 40.1 0.2 0.22 3,200 230 0.73 0.81 60.2
87 Ibid 160 320 40.1 0.2 0.44 3,200 230 1.44 0.92 91.6
88 Ibid 160 320 40.1 0.20 0.44 3,200 230 1.36 0.97 89.6
89 Ibid 160 320 40.1 0.20 0.44 3,200 230 1.17 0.89 86.6
90 Ibid 160 320 40.1 0.20 0.99 3,200 230 2.46 0.99 142.4
91 Ibid 160 320 40.1 0.20 0.99 3,200 230 2.39 1.00 140.4
92 Ibid 160 320 40.1 0.20 1.32 3,200 230 2.70 1.00 166.3
93 Ibid 160 320 52 0.23 0.33 3,200 230 0.83 0.93 82.6
94 Ibid 160 320 52 0.23 0.33 3,200 230 0.70 0.87 82.8
95 Ibid 160 320 52 0.23 0.33 3,200 230 0.77 0.89 82.3
96 Ibid 160 320 52 0.23 0.66 3,200 230 1.14 0.67 108.1
97 Ibid 160 320 52 0.23 0.66 3,200 230 1.12 0.87 112
98 Ibid 160 320 52 0.23 0.66 3,200 230 1.12 0.882 107.9
Table 2. Database of Square Specimens





















1 Rochette and Labossière (2000) 152 500 25 42 0.90 1,265 83 0.94 0.56 50.9
2 Ibid 152 500 25 42 0.90 1,265 83 0.89 0.63 52.0
3 Ibid 152 500 38 42 0.90 1,265 83 1.08 0.71 55.4
4 Ibid 152 500 25 44 1.20 1,265 83 1.35 0.59 56.4
5 Ibid 152 500 25 36 1.20 1,265 83 2.04 0.70 50.6
6 Ibid 152 500 25 36 1.50 1,265 83 2.12 0.65 52.9
7 Ibid 152 500 38 36 1.20 1,265 83 1.92 0.89 58.1
8 Ibid 152 500 38 36 1.50 1,265 83 2.39 0.86 62.8
9 Lam and Teng (2003b) 150 600 25 34 0.17 1,577 105 0.96 1.05 37.6
10 Ibid 150 600 15 34 0.33 1,577 105 0.87 0.97 39.7
11 Ibid 150 600 25 34 0.33 1,577 105 0.85 1.08 41.8
12 Ibid 150 600 15 24 0.50 1,577 105 1.80 0.87 32.0
13 Ibid 150 600 25 24 0.50 1,577 105 1.52 1.16 37.1
14 Pessiki et al. (2001) 152 610 38 26 1.00 580 38 1.50 0.83 34.4
15 Ibid 152 610 38 26 2.00 580 38 1.90 0.90 43.7
16 Chaallal et al. (2003) 133 305 25 21 0.12 3,650 231 0.40 0.40 23.6
17 Ibid 133 305 25 21 0.24 3,650 231 0.40 0.50 27.8
18 Ibid 133 305 25 21 0.36 3,650 231 0.60 0.52 31.8
19 Ibid 133 305 25 21 0.48 3,650 231 0.70 0.53 35.8
20 Ibid 133 305 25 41 0.12 3,650 231 0.30 0.08 42.0
21 Ibid 133 305 25 41 0.24 3,650 231 0.30 0.11 43.0
22 Ibid 133 305 25 41 0.36 3,650 231 0.40 0.15 44.6
23 Ibid 133 305 25 41 0.48 3,650 231 0.40 0.20 47.1
24 Ibid 150 300 15 33 0.33 4,364 219 1.22 — 46.9
25 Ibid 150 300 15 32 0.33 4,364 219 1.22 — 46.2
26 Ibid 150 300 15 31 0.33 4,364 219 1.22 — 44.7
27 Ibid 150 300 30 33 0.17 4,364 219 1.34 — 41.9
28 Ibid 150 300 30 31 0.17 4,364 219 1.34 — 40.4
29 Ibid 150 300 30 33 0.17 4,364 219 1.34 — 42.4
30 Ibid 150 300 30 33 0.33 4,364 219 1.44 — 51.1
31 Ibid 150 300 30 31 0.33 4,364 219 1.44 — 49.6
32 Ibid 150 300 30 33 0.33 4,364 219 1.44 — 51.6
33 Ibid 150 300 45 30 0.17 4,364 219 1.39 — 41.0
34 Ibid 150 300 45 33 0.17 4,364 219 1.39 — 43.5
35 Ibid 150 300 45 29 0.17 4,364 219 1.39 — 40.2
36 Ibid 150 300 45 30 0.33 4,364 219 1.57 — 51.9
37 Ibid 150 300 45 33 0.33 4,364 219 1.57 — 54.4
38 Ibid 150 300 45 29 0.33 4,364 219 1.57 — 51.1
39 Ibid 150 300 60 31 0.17 4,364 219 1.65 — 42.8
40 Ibid 150 300 60 31 0.17 4,364 219 1.65 — 43.0
41 Ibid 150 300 60 34 0.17 4,364 219 1.65 — 45.4
42 Ibid 150 300 60 31 0.33 4,364 219 1.76 — 54.8
43 Ibid 150 300 60 31 0.33 4,364 219 1.76 — 55.0
44 Ibid 150 300 60 34 0.33 4,364 219 1.76 — 57.4
45 Ibid 150 300 30 54 0.33 3,788 226 1.37 — 69.6
46 Ibid 150 300 30 53 0.33 3,788 226 1.37 — 69.2
47 Ibid 150 300 30 49 0.33 3,788 226 1.37 — 65.5
48 Ibid 150 300 45 53 0.17 3,788 226 1.51 — 62.7
49 Ibid 150 300 45 52 0.17 3,788 226 1.51 — 61.0
50 Ibid 150 300 45 53 0.17 3,788 226 1.51 — 62.8
51 Ibid 150 300 45 53 0.33 3,788 226 1.65 — 72.1
52 Ibid 150 300 45 52 0.33 3,788 226 1.65 — 70.4
53 Ibid 150 300 45 53 0.33 3,788 226 1.65 — 72.2
54 Ibid 150 300 60 54 0.17 3,788 226 1.28 — 64.3
55 Ibid 150 300 60 52 0.17 3,788 226 1.28 — 62.4
56 Ibid 150 300 60 52 0.17 3,788 226 1.28 — 62.7
57 Ibid 150 300 60 54 0.33 3,788 226 1.37 — 74.6
58 Ibid 150 300 60 52 0.33 3,788 226 1.37 — 72.7
59 Ibid 150 300 60 52 0.33 3,788 226 1.37 — 73.0
60 Tao et al. (2008) 150 450 20 22 0.17 4,470 239 2.53 — 30.3
61 Ibid 150 450 20 22 0.34 4,470 239 3.95 — 38.5
62 Ibid 150 450 20 20 0.34 4,470 239 3.34 — 36.0
63 Ibid 150 450 35 22 0.34 4,470 239 3.66 — 42.8
64 Ibid 150 450 35 20 0.34 4,470 239 3.48 — 40.3
65 Ibid 150 450 50 22 0.34 4,470 239 3.87 — 45.9
66 Ibid 150 450 50 20 0.34 4,470 239 3.43 — 43.4
Verification of the Proposed Model
Statistical Methods of Verification
In the writers’ paper, the model performance was tested by using
two statistical indicators, as follows: (1) mean square error (MSE),
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where pre =model predictions; exp = experimental results; and N =
total number of test data. In general, the mean square error shows
the errors to be more significant compared with the average abso-
lute error.
Circular FRP-Confined Concrete Columns
A total of 98 data points were plotted (Fig. 5) to assess the perfor-
mance of existing models and the proposed model. Seven existing
models were considered in this verification [Karbhari and Gao
1997; Toutanji 1999; De Lorenzis and Tepfers 2003; ACI
440.2R-08 (ACI 2008); Teng et al. 2009; Rousakis et al. 2012;
Yazici and Hadi 2012]. Because of the limited space in the writers’
paper, only four models that have comparable performance are
shown (Fig. 5). Fig. 6 presents all seven models to illustrate a com-
parison of the models’ performance.
Based on the two statistical indicators, the models of ACI
440.2R-08 (ACI 2008) and Rousakis et al. (2012) provide the best
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Fig. 2. Energy relationship of circular sections
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Fig. 3. (a) Effective confinement area; (b) confining pressure of square
sections; (c) round corners of square sections
























Energy absorbed by CFRP Uf (MJ/m3)
Fig. 4. Energy relationship of square sections
Table 2. (Continued.)





















67 Ibid 150 450 20 50 0.34 4,200 241 1.66 — 65.0
68 Ibid 150 450 35 50 0.34 4,200 241 2.08 — 69.1
69 Ibid 150 450 50 50 0.34 4,200 241 1.65 — 71.9
strain prediction, followed by the models of Lam and Teng (2003a)
and De Lorenzis and Tepfers (2003). The model of Rousakis et al.
(2012) shows good agreement with experimental results, with the
exception of high-modulus (HM) CFRP such that three specimens
using HM CFRP were excluded from the verification of this model.
The proposed model in this paper shows slightly better estimates
than the model of ACI 440.2R-08 (ACI 2008) and Rousakis
et al. (2012).
The model of ACI 440.2R-08 (ACI 2008) suggests that the min-
imum confinement ratio fl=f 0co of 0.08 should be used. This mini-
mum limit was recommended based on increasing the strength of
CFRP-confined concrete. In particular, in earthquake-prone regions
the ductility of a column may need to be increased, leading to a case
of insufficient strength confinement, whereas the ductility enhance-
ment still could be expected (Mirmiran et al. 1998; Wang and
Wu 2008). Therefore, eight specimens (insufficient confinement)
having a confinement ratio of less than 0.08 were extracted from
the full database to verify the models in this case (Fig. 7). Based on
the strain-estimation equations of the subsequent models, if the
confinement pressure is equal to zero, the strain of confined con-
crete calculated by the models of ACI 440.2R-08 (ACI 2008)
would be 1.5× the unconfined concrete strain. Consequently, when
the confinement pressure fl reaches zero the strain prediction from
the model of ACI 440.2R-08 (ACI 2008) will overestimate the
actual strain. When that model was verified by the database, it
exhibited good predictions for insufficient confined specimens.
The prediction of the proposed model still shows a quite good
correlation with the test data, whereas other models show scatter
of the test data (Fig. 7).
98 data points
AAE = 0.21 
MSE = 0.06
Model V
Model I: De Lorenzis and Tepfers ( 2003) 
Model II: ACI-440.2R-08 (2008)
Model III: Teng et al. (2009)
Model IV: Rousakis et al. (2012)               
Model V: Proposed model      
where                                                 
AAE is the average absolute error              
MSE is the mean square error
95 data points
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Fig. 5. Performance of models on circular specimens
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Fig. 6. Accuracy comparisons for strain prediction of circular speci-































De Lorenzis and Tepfers (2003), AAE = 0.51
ACI-440.2R-08 (2008), AAE=0.21
Teng et al. (2009), AAE=0.29
Yazici and Hadi (2012), AAE=0.50
Proposed model, AAE=0.24
Fig. 7. Performance of models on circular specimens (insufficient
confinement)
.
In addition, the models of ACI 440.2R-08 (ACI 2008) and Teng
et al. (2009) generally tend to overestimate the strain of confined
concrete when the confinement ratio (fl=f 0co) is large. The differ-
ences between the experimental and predicted values become con-
siderably larger when the confinement ratio was larger than 40%
(Fig. 5), remarked as heavy confinement. Thus, eleven heavy con-
fined specimens were extracted from the database to compare these
models (Fig. 8). The models of ACI 440.2R-08 (ACI 2008), Teng
et al. (2009), and De Lorenzis and Tepfers (2003) show that the
precision of these models are not good, whereas the model of
Yazici and Hadi (2012) exhibits good predictions in this case.
For further verification, Fig. 8 shows a very good correlation be-
tween the predicted and actual strain of heavily confined circular
sections. The average absolute error of the proposed model is 5×
less than the model of ACI 440.2R-08 (ACI 2008).
In summary, the proposed model predicts very close results for
the strain of CFRP-confined concrete. In addition, the proposed
model also shows good agreement with the test data in the range
of insufficient and heavy confinement as defined previously.
Square FRP-Confined Concrete Columns
The same procedure was carried out to verify the proposed model
for square sections. A total of 69 data points (Fig. 9) were plotted to
assess the performance of existing models and the proposed model.
Four existing models were considered in this verification [Shehata
et al. 2002; Lam and Teng 2003b; ACI 440.2R-08 (ACI 2008); Ilki
et al. 2008].
Comparing the existing models for square sections, the models
of Lam and Teng (2003a), ACI 440.2R-08 (ACI 2008), and Ilki
et al. (2008) show quite good predictions for the strain of
CFRP-confined concrete. Among these existing models, the results
from the model of Ilki et al. (2008) overestimate the actual values,
whereas the other models present a good general trend. However,
the proposed model gives a better precision than the other models in
estimating the strain of CFRP-confined concrete columns (Figs. 9
and 10).
For insufficient confined specimens (places close to the origin of
the coordinates), the models of Lam and Teng (2003b), ACI
440.2R-08 (ACI 2008), and the proposed model show good predic-
tions. The models of Ilki et al. (2008) and Shehata et al. (2002) do
not exhibit close correlation in this case. In addition, all five models
underestimate the strain of confined concrete when the confinement



























Confinement ratio (fl /fco', %)
De Lorenzis and Tepfers (2003), AAE=0.08
ACI-440.2R-08 (2008), AAE=0.20
Teng et al. (2009), AAE=0.05
Yazici and Hadi (2012), AAE=0.03
Proposed model, AAE=0.04
Fig. 8. Performance of models on circular specimens (heavy
confinement)
69 data points












AAE = 0.54 
MSE =1.02
Model I
Model I: Shehata et al. (2002) 
Model II: Lam and Teng (2003b)      
Model III: ACI-440.2R-08 (2008)    
Model IV: Ilki et al. (2008)       
Model V: Proposed model  
where                                                 
AAE is the average absolute error 
MSE is the mean square error
69 data points














Fig. 9. Performance of models on square specimens
Conclusions
From the theoretical analyses presented in this paper, the following
conclusions are drawn:
• The proposed model provides very good predictions compared
with the experimental results, and it also shows a good agree-
ment with the test data in the range of insufficient and heavy
confinement, which are usually not predicted well by other
models;
• Only a proportion of the energy absorbed by the entire column is
transferred to rupture the FRP; and
• The formula to calculate the strain of square sections is still not
as good as that of circular sections; thus, further study needs to
be carried out in this case.
Finally, a new model is proposed in this paper to calculate the
strain of confined concrete based on the energy-absorption method.
The performance of the proposed model shows very good correla-
tions with experimental results. However, the precision of the pro-
posed model should improve when it is calibrated with a larger
reliable database in the future. This methodology can be developed
to cover reinforced concrete columns confined with FRP.
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Notation
The following symbols are used in this paper:
Acc = gross-sectional area of confined concrete;
b = side length of a square section;
d = diameter of the section;
dl = increment of the displacement;
dεc = increment of the axial strain;
fc = stress of concrete;
ff = rupture strength of FRP obtained from flat-coupon tests;
ffe = actual rupture strength of FRP on the columns;
fl = confining pressure of the confined concrete specimen;
f 0cc = confined concrete strength;
f 0co = unconfined concrete strength;
k = proportion factor showing the relationship between the
energy absorption of the column core and external FRP;
kc = corner-energy ratio;
l = displacement;
P = applied load;
r = radius of the round corner of the section;
t = thickness of FRP;
U = strain energy;
Ucc = volumetric strain energy of confined concrete;
Uf = volumetric strain energy of FRP;
W = work done by the applied load;
Wcc = strain energy of confined concrete;
Wf = strain energy of FRP;
εc = axial strain of concrete;
εcc = axial strain at the peak stress of confined concrete;
εco = axial strain at the peak stress of unconfined concrete;
εf = rupture strain of FRP obtained from flat-coupon tests;
εfe = rupture strain of FRP on the columns; and
ρf = volumetric ratio of FRP.
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